Independent high Reynolds number flows driven along two co-axial circular cylinders merge at the abrupt termination of the inner cylinder. The viscous mixing downstream of the trailing edge is discussed. The upstream response in the annular gap is governed by an interaction between the shear layers at the outer wall and the inner boundary, which occurs on a streamwise R 1/7 lengthscale, where R is the Reynolds number. Downstream this is matched onto a longscale similarity form which describes the subsequent development prior to the ultimate return to uni-directional flow. The central region within the inner cylinder suffers zero displacement at leading order, and in contrast to the outer gap the change in boundary conditions where the flows join has no significant effect upstream.
Introduction
Merging pipe flows are of fundamental interest in engineering. Commonly such applications may involve complicated multi-phase flows, thermal flows, non-Newtonian flows and so on. In this paper we examine the relatively simple problem of high Reynolds number motion along co-axial circular cylinders, the two initially separate flows merging at the abrupt termination of the inner cylinder. The steady motion is assumed to be incompressible, and the fluid Newtonian and homogeneous. The initial profiles in the tubes upstream are taken to be fully-developed Poiseuille profiles. Far enough downstream the motion will once again acquire a uni-directional profile, this time for a single circular pipe. It is the intermediate boundary-layer development between these two extremes which is our concern here. Of practical interest are such questions as the pressure drop, and associated energy loss, over the developing flow region, and the wall stresses experienced on both the inner and outer cylinders. Crucial to our analysis is the assumption that the main flows continue downstream unchanged to leading order, and that any mass transfer between the two regions can be treated as a perturbation.
The main difficulty concerns the flow around the trailing edge of the inner cylinder. Trailing edge flows have been studied extensively, for both internal and external scenarios, and we will draw on several other studies. The flow over the trailing edge of a flat plate set at zero incidence to a uniform external stream was studied by Goldstein (1) who provided a downstream similarity solution valid to within a short distance of the end of the plate. This solution leads to a singularity in the axial skin friction as the trailing edge is approached, which is essentially a result of the change in boundary conditions (from no-slip on the plate to symmetry conditions downstream). This difficulty was resolved by Stewartson (2) and Messiter (3) using the now familiar triple-deck structure, wherein the irregularity is smoothed out on a small O(R −3/8 ) streamwise lengthscale. Daniels (4) extended the triple-deck formulation to non-symmetric trailing edge flows, where the velocities of the freestreams above and below the plate are no longer identical. He also showed that the same structure applied to supersonic flows, and noted that in the special case of stagnant fluid on one side of the plate the continuation of the solution past the trailing edge is relatively smooth, the triple-deck only applying to the lower-order terms in the expansions. For an internal trailing edge problem, such as here, the ideas are principally the same as those for an unbounded fluid, although the scalings themselves differ somewhat. In fact the discontinuity in boundary conditions is dealt with on a much longer O(R 1/7 ) streamwise lengthscale. This scaling has been identified by Smith (5) as crucial for channel flows suffering small asymmetric wall distortions. It is also relevant to instability analysis for pipes of general cross-section (Smith (6)), and to the appearance of two-dimensional flow features in distorted rectangular tubes (Cowley (7)), for example. Of greater relevance to the current problem was its application by Bates (8) and subsequently Badr et al. (9) to the problem of merging flow in a channel initially divided by a symmetrically placed splitter plate. Here we demonstrate that the R 1/7 scale can also be applied to merging pipe flows with suitable geometry.
The outline of the paper is as follows. Having formulated the problem, we discuss the solution a long way downstream (but prior to the return to a uni-directional profile), and show that it assumes a similarity form. The R 1/7 interaction solution is then presented and shown numerically to agree with the long-scale downstream results. We conclude with some remarks on our solution and possible extensions.
Formulation of the problem
Consider the incompressible high Reynolds number flow of a Newtonian fluid through two openended co-axial circular cylinders. At some distance downstream, x = 0, say, where x denotes distance in the direction of the main flow, the inner cylinder terminates and the flows merge. The cylinders are arranged as shown in Fig. 1 . If r denotes radial distance from the common axis, the outer cylinder exists in r = b * , −∞ < x < ∞, with the inner cylinder occupying r = a * in −∞ < x < 0. The whole motion is taken to be steady. Far upstream the divided flows are assumed to be fully developed, with Poiseuille profiles for a circular and annular cross-section (illustrated schematically in Fig. 1 ). In general the pressure gradients and mass flow rates associated with these profiles are different. The flow is governed by the steady Navier-Stokes equations, which we write in the non-dimensional form
for the velocity field u = (u, v, w) in the cylindrical polar directions (x, θ, r ). The flow is axisymmetric and so throughout we take v ≡ 0. All lengths in (2.1) have been divided by a * , the inner cylinder radius. Here an asterisk denotes a dimensional quantity. The outer radius is taken to be b = b * /a * . The volume fluxes F * A , F * C , in the central region and annular gap respectively, are imposed as the entry conditions upstream. The entry tube pressures themselves are unknown in advance. We non-dimensionalize velocities by dividing by U * = F * A /(Aa * 2 ), where A(b) is defined underneath (3.4) . The Reynolds number is R = U * a * /ν * , with ν * the kinematic fluid viscosity. Throughout this paper we assume that R 1. The dimensionless pressure is taken to be p = p * /(ρ * U * 2 ), where ρ * is the constant fluid density.
As for the external case, a viscous shear layer II (see Fig. 2 ) is needed beyond the trailing edge of the plate (Goldstein (1)) to allow the flow to adapt to the new conditions imposed downstream of the trailing edge. In this case, on r = 1, they change from those of no-slip in x < 0 to continuity conditions in x > 0. This layer provokes a disturbance (whose size is to be discussed below) to the Fig. 2 . These perturbations are inviscid to leading order. At r = b, the outer wall, a further layer IV, where viscous effects must once more be taken into account, is required to reduce the slip left at the outer edge of III to zero. This accounts for all the regions shown in Fig. 2 . The undisturbed flow U 0 vanishes at r = 1 ± , implying that u ∝ y for small y = 1 − r . Within the shear layer II the balance of viscous and inertial terms in (2.1) requires that y ∼ R −1/3 l 1/3 X 1/3 , with x = l X, and X of order unity. Smith (5) has demonstrated that when l = R 1/7 an interaction occurs between the outer layer IV and the shear layer, in which a significant pressure gradient is set up across the annular region III. This interaction between the viscous layers controls the extent to which the fluid responds to the change in boundary conditions at x = 0, and enables it to move smoothly over the trailing edge. For an inertial pressure balance inside the shear layer, we need uu x ∼ p x in (2.1). The usual boundary-layer approximation then implies that there is no variation in the pressure across the layer, and consequently the disturbance to the streamwise velocity suffered by the surrounding inviscid regions, I and III, may be written as
where u 1 (X, r ), w 1 (X, r ) are speeds in the downstream and radial directions respectively. Here U 0 (r ) and G refer to the oncoming profiles, which take slightly different forms in the core and annulus. We expect the pressure perturbation to be no larger than that shown in (2.2) 1 . Otherwise it would lead to an elliptic core problem, with homogeneous boundary conditions, whose solution is just p 1 ≡ 0. This solution is supposed (Smith (10)) to be unique. With (2.2) 1 the transverse momentum equation l −7/3 R 1/3 U 0 w 1X = −p 1r suggests immediately the importance of the scaling l = R 1/7 . Prior to considering the flow on this scale, however, we examine the solution a long way downstream.
The long-scale downstream flow
Following Bates (8) and Badr et al. (9) we consider the flow on a long streamwise lengthscale, but still with x R. The proposed structure should then match with that on the longer lengthscale x = O(R), where viscous effects are important over the entire cross-section and the usual boundarylayer approximation to (2.1) is applicable throughout. In other words, when x = R X (so l = R), the limit X → 0 will match to the structure proposed here as x → ∞.
In the shear layer we assume a similarity form for the solution. Within this layer u ∝ y, and so the inertial viscous balance requires the thickness to be O( x 1/3 ), where = R −1/3 . So for an inertial pressure balance, p ∼ 2 x 2/3 . Then, according to (2.2) 1 , the size of the pressure perturbation in region I, which we will also refer to as the core, will be O( 2 x 2/3 ).
In the core, as x → ∞ we seek a similarity solution with
where the undisturbed core profile U 0C (r ) = Q(1 − r 2 )/4. The constant Q, associated with the imposed mass fluxes upstream, is defined in (3.4). Since P 1 is a constant, there is no pressure variation across the core in this large x limit. The same applies in region III (see below). This can be seen when (3.1) are substituted into the Navier-Stokes equations (2.1). The velocity perturbations in (3.1) 1 , (3.1) 2 must be as small as 2 since otherwise they lead to solutions with a singularity on the pipe axis r = 0 (Smith (11)). With (3.1) 1 the resulting core equations require U 1C ∼ 1 and W 1C ∼ 1 as r → 1. Therefore the displacement effect of the shear layer on the core is, to leading order at least, zero. The form of (3.1) is justified by the apparent consistency of the flow structure as a whole. We find the solutions satisfying regularity conditions on the axis to be
For the annulus, region III, the pressure perturbation is once again O( x 2/3 ). Now, however, the problem of a singularity on the pipe axis does not arise, and so here we can allow the velocity perturbation to be larger than in the core. We write
where the undisturbed annular profile U 0A (r ) = 1 4 (1 − r 2 ) + B ln r . The constant B is chosen to ensure U 0A (b) = 0 and is given below in (3.11). At this point it is convenient to define the constant
where
. So Q is proportional to the ratio of the volume flux in the core to that in the annulus.
The expansions (3.3) lead to the solution
A dash denotes differentiation with respect to the independent variable. Thus the annulus suffers a displacement from the shear layer through the constant A 1 , whereas in the core the corresponding displacement is zero. We will now concentrate our attention on regions II and IV. In light of the previous discussion we look for a similarity solution to the shear layer equations as x → ∞, and write
in region II for a streamfunction ψ(η) and similarity variable η = −1 x −1/3 y. The governing equation in the shear layer is then
defined on −∞ < η < ∞. Two conditions are required to match to regions I and III, namely
where exp denotes exponentially small terms, and λ 1 , λ 2 are the Poiseuille skin frictions in the core and annulus respectively. They are given explicitly below in (3.11).
The outer boundary layer IV is similar in structure to the shear layer. It is controlled by the same momentum equation though now conditions of no-slip and zero normal flow must be imposed at the wall r = b. In the outer layer then,
where the constant P 1 is the same as that in the shear layer. The function ψ then obeys (3.7), with
The skin frictions associated with the upstream Poiseuille profiles are given by
The system defined by (3.7) for both ψ and ψ, with boundary conditions (3.8) and (3.10), is comparable with that of Badr et al. (9) . However, here we have (3.8) 2 replacing the symmetry conditions they imposed at η = 0. Bates (8) gives a detailed description of a suitable numerical method for solving such a system (see also Keller and Cebeci (12), Smith and Stewartson (13), Smith (14)). We will make use of a NAG routine which works on a similar Newton iteration basis. Briefly, we divide the shear-layer problem (3.7) with (3.8) into two, writing ψ = ψ + for η > 0, and ψ = ψ − for η < 0. We then solve each problem on the range 0 η < ∞ with appropriate continuity conditions imposed at η = 0, namely
This, together with the problem in the outer layer, may then be written as an 11th-order system, treating P 1 and A 1 as variables with P 1 = A 1 = 0 for all η. Then (3.8), (3.10) and (3.12) provide eleven boundary conditions and we expect to be able to determine P 1 and A 1 . A tolerance of 10 −7 for the Newton iteration was taken, and truncating the infinite range at η ∞ the solution and the corresponding values of P 1 , A 1 for different choices of the outer radius b were computed. For each b various values of η ∞ were tested, the final value being taken when successive estimates of P 1 and A 1 differed only in the seventh decimal place. The results are summarized in Figs 3 to 6. When b = 2, Q = 1, for example, it was found that
where τ ∞ ≡ ψ (0). A priori the calculated values of P 1 and A 1 are not known to be unique. However, when different initial conditions were set in the computations they always led to the same answers. Further encouragement is drawn from the fact that for the case b = 2 for example, everything seems to fit together nicely. We will see in the next section how the solution in the O(R 1/7 ) interaction zone successfully asymptotes to the solutions given here for large x.
For the case Q = 1, b = 1·5 the following values for the streamfunction in the shear layer were computed at η = 0 (r = 1):
the former value indicating the size of the slip on the shear-layer centreline, and the latter pointing to a negative radial velocity there. Furthermore, we can see from Fig. 3 (b) that the radial velocity switches sign in η < 0, showing that fluid is being drawn downwards into the shear layer from the annulus, and upwards into the shear layer from the core, as would be expected physically. As b is increased the axial shear in region II intensifies. This corresponds to the slope of ψ around the 
Composite picture of the down-pipe velocity for b = 2·0, and with x 1/3 = 0·01. Solid lines indicate the boundary layers origin in Fig. 3 (a) steepening in order to make the adjustment from the constant shear λ 1 , in the core, to λ 2 which increases like
When Q is constant, the leading-order wall shear in the core is constant and those in the annulus are both monotonic increasing with b (by relations (3.11)). small, we find
14)
which may be solved numerically. We found g (∞) = g ∞ = −1·30198. Then, from (3.10), we expect the relation
3 /(bg ∞ ) to characterize the behaviour of P 1 for large values of b. We plot it in Fig. 6(a) , where it can be seen to give a good approximation even for moderate values of b. The divergence near b = 1 is unsurprising, given the irregular behaviour of A 1 there (see Fig. 5(b) ). In fact, as b → 1, λ 3 → λ 2 , and η ∼ λ cylinder τ ∞ varies with b. The small region close to b = 1 where it becomes negative signifies separation of the fluid from the upper wall. Thereafter τ ∞ increases monotonically with b. Table 1 shows the results when b is fixed and the flux ratio parameter Q is varied. When b = 2·0, γ = 2·02, and so Q > 2·02 implies a greater mass flux in the core than the annulus. From (3.11), varying Q means we are effectively altering the shear rate λ 1 . As Q increases (with b fixed) the ratio F * C /F * A increases, so it would be expected that the displacement effect of the shear layer on the annular flow be enhanced.
The interaction zone
We now consider the question of how the flow negotiates the trailing edge at x = 0. Figure 7 shows the asymptotic set-up in the downstream direction. For the previous discussion, a long way downstream of the trailing edge there was no leading-order radial pressure gradient in the core and annulus. However, it was seen above that when x ∼ R 1/7 the radial pressure variation is no longer negligible. Therefore, following Badr et al. (9) we now examine the flow field on this intermediate lengthscale. For simplicity we take the flux ratio parameter Q = 1 throughout the following analysis and numerical computation. We do not expect the calculation for neighbouring values of Q to be significantly different. For example, the skin friction τ ∞ from the previous section, which provides the matching condition here a long way downstream (see below), varies by about 16 per cent when Q is quadrupled in Table 1 .
We will start with a discussion of zone III, the annulus. Setting l = R 1/7 in (2.2) 1 , we obtain the relevant perturbation expansions
and X = O(1). These yield equations with the solution
which is the axisymmetric analogue of the two-dimensional solutions of Stewartson and Williams (15) . The radial pressure variation is directed by the equations
2) Fig. 7 The streamwise asymptotic regime for the unknown pressure function P(X ) and the unknown displacement function A(X ). When r = b, (4.2) yields the further relation
for the outer layer pressure P(X ). These three unknown functions are determined by the shear layer and the outer layer. Indeed, the main problem on this shorter R 1/7 lengthscale is to solve layers II and IV in an interactive manner to find A(X ), P(X ) and P(X ). Before we continue, we need to examine the structure of the core region. In I, according to (2.2), we should have leading-order disturbances of the same size as in III. We would therefore obtain solutions analogous to (4.1). Yet these solutions are singular at r = 0. To avoid this unrealistic behaviour, we conclude that the core cannot support as large a disturbance as the annulus and take the scalings in I to be
In this case the displacement effect of the shear layer on the core is zero, and the solutions in zone I are given by 4) to agree with (4.2) on r = 1. Comments will be made regarding the constant µ in section 5. Note that there is no pressure variation across the core at this order. The core solution in X < 0 will be discussed shortly. In the shear layer, the following expansions are now appropriate: Beyond the trailing edge, matching to regions III and I respectively we have the conditions for
The form of the outer layer IV runs along similar lines. There we have the expansions 
The boundary and matching conditions, valid in the range −∞ < X < ∞, are
Far upstream the shear layer is split in two by the inner cylinder. We will refer to these separate regions as IIi and IIii (see Fig. 7 ). In IIi and IV a long way upstream the flow is just a small deviation from the uni-directional Poiseuille flow. In fact for X large and negative the perturbation from the undisturbed profile should be written in the form (Smith (5, 16) So for pre-selected values of the flux ratio Q, and outer radius b, the rate of decay of disturbances upstream is fixed. Note that for Smith's (16) problem, (4.13) reduces to his formula (3.15), with an appropriate change of notation. In region IIii the situation is slightly different. If we pose exponential expansions like those used above for large negative X , we once again have a solution dependent on an integral of the Airy function,
for constant c, κ. However, in this case the core region will not tolerate any displacement (by previous arguments), and so we must take c = 0. Then the only possible solution left open is that to this order the Poiseuille profile continues undisturbed up to the trailing edge. This means that the pressure gradient perturbation upstream is precisely zero (a deeper discussion of this point is given in section 5). The lack of upstream response here may be compared to Smith's (11) study of flow through a constricted channel. He found that for channels suffering a small symmetric constriction or dilatation, the first-order perturbation of the upstream developed profile continues unchanged right up to the beginning of the constriction. The numerical problem then is to solve (4.6) with (4.7) and (4.8), and (4.10) with (4.11), all together with the pressure-displacement relation (4.3). The method undertaken is essentially the same as that of Smith (16) . Other related numerical studies include those by Daniels (17) , who computed the flow over the trailing edge of a flat plate set at zero incidence to a uniform supersonic external stream, Smith and Stewartson (13) and Smith (14) . In (14) a suitable numerical method for treating a discontinuity in boundary conditions such as that encountered here is described. We approximate the X derivatives with second-order backward differences. Then if we define a streamwise mesh with X i = X 0 + i X , for i = 1, . . . , N , the solution at each station X i requires information about the previous two grid points X i−1 , X i−2 . Starting at a suitably large and negative value of X 0 (see discussion below), due to the parabolic nature of the boundary-layer equations we can march forward in the streamwise coordinate, at each new station solving a problem in Y similar to that used in section 3. Writing D(X ) = C (X ) = A (X ) we have, at every X i < 0, a tenthorder system of ordinary differential equations including three equations each in the shear layer and outer layer; and at every X i > 0, a thirteenth-order system consisting of six equations in the shear layer, all defined on 0 Y < ∞ as in section 3, three equations in the outer layer and four further equations stipulating that the derivatives of the constants P iY = A iY = C iY = D iY = 0 for all Y . These latter equations also make up the remaining four in the system for X < 0. When X > 0 continuity conditions the same as (3.12) are imposed at Y = 0 for the shear-layer equations, and these together with (4.8), (4.11) and the requirements that C = A , D = C provide the necessary thirteen boundary conditions. The whole system is solved on the truncated range 0 Y Y ∞ , with Y the step length in Y , using the same NAG routine as that used in section 3. The scheme is then second-order accurate in both the X and Y directions. Shooting forward from X 0 , we need to choose X small enough to obtain an accurate solution, and N large enough to continue the solution far enough downstream to allow the asymptotic behaviour for large X to develop.
We initiate the numerical solution by arranging for a small disturbance to the pressure upstream. We do this by selecting a non-zero value of β 1 . Then, marching downstream, the solution is allowed to evolve away from the undisturbed Poiseuille motion. We must now consider what value of β 1 should be chosen. With β 1 = 0 the incipient profiles U C 0 and U A 0 continue downstream unchecked, with the result that the velocity gradient beyond the trailing edge becomes discontinuous. From section 3 we know that for large X the pressure should behave as P 1 X 2/3 , where P 1 is a constant we have already determined. Thus the condition that P , P → 0 must be met as X → ∞. However, as Badr et al. (9) discovered, it is easier to choose β 1 such that the axial shear on the outer cylinder attains its asymptotic value as X → ∞. For the case b = 2, we therefore refine β 1 such that
(see the numerical values (3.13)). In fact it proves necessary to choose β 1 < 0 (compare the aforementioned related studies). For β 1 > 0 the pressure P(X ) rises (and the outer-layer pressure P(X ) falls) as the trailing edge is neared, leading to flow separation on the inner cylinder (see (16)), and so instead the pressure P(X ) falls as the solution is advanced towards X = 0. This accompanies the acceleration undergone by the fluid particles prior to transgressing the trailing edge. The drop in the outer wall skin friction, associated with the rise in the pressure P(X ), now threatens separation at the outer wall. However, it gradually levels out downstream, and so β 1 can be altered methodically until the condition (4.15) is satisfied. As a preliminary test of the code, the Badr et al. solution for merging flow over the splitter plate in a channel was recomputed. We found, for example, the value of the outer wall shear at the trailing edge of the splitter plate to be τ (0) = 4·91, which is in direct agreement with their quoted value.
For our problem, the initial conditions 2 A were set at the starting point X 0 < 0. The constant κ is fixed by the particular choice of outer radius b, through relation (4.13). We found that for b = 2, X 0 = −2·0 was sufficiently small to start off the development. When the same calculations were repeated with X 0 = −3·0 it produced a change in the value of τ (0) of order 10 −7 . Taking Y ∞ = 10·0, X 0 = −2·0, X = 0·005, Y = 0·0125, repeated guesses were made for β 1 until τ approached the desired asymptotic value. A small error in the chosen β 1 eventually, for large enough X , produces dramatic divergence either upwards or downwards from the desired solution which lies in between. The solution is marched forward in X , with the initial condition for the lower shear layer at X = 0 being taken as = 1 2 λ 1 Y 2 . The constant β 1 was refined until the solution continued as far as possible before divergence set in. For an outer radius b = 2, the value of β 1 = −0·007 045, to six decimal places, was finally settled upon. The accuracy of the solution was measured partly by how well it approached the known asymptotic behaviour at infinity, and by comparison of computed values at the origin. When the calculations were repeated with Y ∞ = 20·0, Y = 0·0125, it produced a change in the value of τ (0) of order 10 −8 . When the streamwise step length was doubled to X = 0·01, with all other conditions kept the same, it produced a change in τ (0) of order 10 −3 , whilst when it was halved to X = 0·0025, the computed value of τ (0) changed by an amount of order 10 −4 . In fact the scheme achieved only first-order accuracy around the point of discontinuity X = 0. The integration starting point X 0 together with all the grid sizes and step lengths were the same for all results shown in the various figures. Some of the final calculated values at the origin were:
Figure 9(a) shows the variation of the wall stresses on r = 1 + and r = b. As the trailing edge is approached, the shear on the topside of the inner cylinder rises sharply, a qualitative feature found by Badr et al. (9) and which also occurs on a flat plate in an external stream. It is caused by the acceleration undergone by the fluid particles as they move over the trailing edge. The main difference here is that for X > 0, τ is non-zero, as opposed to the more usual symmetry condition of zero shear imposed downstream. The slight upward curving of τ at X = 0 + is caused by the finite difference approximations becoming increasingly inaccurate around the point of discontinuity.
In fact in the vicinity of the trailing edge it is no longer valid to neglect the downstream second derivative terms in the Navier-Stokes equations. This point is discussed in more detail below.
Figures 9(b) and 10 respectively show the development of the displacement function and the pressures in the shear layer and outer layer. Comparisons are shown with the asymptotic predictions of section 3 (see (3.13) for the numerical coefficients of the asymptotic curves). As X → ∞ the pressures P(X ), P(X ) overlap. This is due to the fact that as X increases, the radial variation of pressure across the annulus, dictated by (4.2), dies out and so eventually the pressures in the shear and outer layers coalesce. As X increases the displacement function A(X ) increases montonically, implying through (4.8) 1 and (4.11) 1 that the displacement effect of the upper layer, −λ 3 A(X )/b, increases, with a local expansion of the streamlines there, whilst at the shear layer II the streamlines are compressed as its own displacement effect, +λ 2 A(X ), is diminished. The expansion of the streamlines near r = b promotes the thickening of the upper layer, and the accompanying drop in the shear stress τ (X ) suggests that regular separation might be possible at the outer wall, garnering a small region of reversed flow within the boundary layer, before the stipulated condition is met downstream. Figure 6 (b) indicates that the target value τ ∞ goes down as b decreases, eventually becoming negative close to b = 1. Accurate numerical solutions become increasingly difficult near b = 1 due to the singular behaviour evident in Fig. 5(b) . Further full X solutions for several values of b show that the target values are reached without flow reversal and suggest that in fact separation is not encountered on this lengthscale as long as τ ∞ > 0. However, separation is evidently reached when b is so close to one that τ ∞ becomes negative in Fig. 6(b) . In the symmetric problem of Badr et al., the transverse velocity on the dividing line y = 0 is exactly zero to preserve the symmetry, and so no mixing occurs between the upper and lower halves of the channel. By constrast, here the radial velocity on the line r = 1 in general has a non-zero average in x > 0 over the lengthscale considered. We recomputed the solution for fixed b with Q chosen so that the Poiseuille mass fluxes attained far downstream in each of the regions 0 r 1 and 1 r b were the same as those for the initial upstream profiles U C 0 and U A 0 . In this case a negative mean value for w 1 | r =1 was calculated, indicating a non-zero average mass transfer from the annulus to the core over 0 < x R. Since our choice of Q requires that there ultimately be no average mass transfer between the two regions, it must be the case that the imbalance is corrected on the O(R) streamwise lengthscale where viscous effects are important across the pipe.
Finally we discuss the character of the flow in the vicinity of the trailing edge. As can be seen in Fig. 7 , the shear layer becomes split into two. As X → 0 + the balance of viscous and inertial terms in the layer, uu X ∼ u Y Y , means that viscous effects become confined to a region 1, where Y ∼ X 1/3 , 
, where η = Y X −1/3 and π 1 is a constant. Recall that δ = R −2/7 . According to these scalings this viscous sublayer is controlled by (3.7) and is essentially the same as that of Hakkinen and Rott (18) , except that the boundary conditions are different. Here they are given by matching to region 2 above, and to the core below by way of Yet another region is needed in the immediate vicinity of the trailing edge to smooth out the discontinuities still encountered at X = 0. From Fig. 9(a) we can see that the axial shear on the inner cylinder jumps between X = 0 − and X = 0 + . Since P(X ) ∼ X 2/3 as X → 0 + there is also the sudden jump in P (apparent in Fig. 10 ) to be resolved. This tiny zone, marking the region where the second derivatives in x may no longer be neglected in (2.1), is situated where
, and X , Y of order one. So the governing equations for this zone are the full Navier-Stokes equations (2.1) with a local Reynolds number of unity. The pressure therefore now varies in the radial direction, indicating the breakdown of the usual boundary-layer approximation within this zone. No further analysis of this region will be carried out here and it will simply be assumed that the required solution matching to the surrounding layers exists. There is good reason to believe this to be the case. For the usual trailing edge problem, where the flow above and below the plate is symmetric, numerical solutions of the corresponding Navier-Stokes zone have been computed and the relevant matching has been successfully achieved (Dijkstra (19) , Bogolepov (20,  21) ).
Returning to the near-shear layer sublayer, using a slightly simplified version of the code used to solve the long-scale problem in section 3, taking A 1 = 0, values of π 1 = 0·329 39, f (0) = 0·135 99 were calculated when b = 2. This compares to a value of τ (0 + ) ≈ 0·139 from our full X numerical solution. The asymptote P(X ) = P(0 − ) + π 1 X 2/3 as X → 0 + , with this calculated value of π 1 , is shown in Fig. 10 . For X → 0 − the pressure is more regular, with P(X ) = P(0 − ) + P 1 X + · · · , with finite slope P 1 , as seen in Fig. 10 .
Concluding remarks
Some comment on the assumptions on which the above solutions are based is warranted. In this problem, fully developed profiles with given mass flow rates are imposed as entry conditions in the tubes upstream. In general this means there will be different upstream axial pressure gradients in the two cylinders. Physically speaking, the required mass fluxes could be fixed by upstream pumps and the pressures, unknown in advance, would then assume the necessary values. It would also be possible, though mathematically less convenient, to prescribe the upstream and downstream pressures at some points and derive the corresponding flow rates. In that case, however, it would be necessary to fix the pressures sufficiently far upstream to permit the flow to develop fully. The downstream pressure would also have to be small enough not to drive flow back up either the inner or outer pipe. This would invalidate our crucial assumption of a unidirectional base flow.
These points aside, however, we have shown that, under the correct conditions, the merging flow in two co-axial cylindrical pipes is similar in structure to merging flow over the trailing edge of a flat plate in a channel as studied by Badr et al. (9) . The same intermediate O(R 1/7 ) streamwise lengthscale is important here. The key differences are the allowance for different mass fluxes in the tubes, by way of U 0A and U 0C , and the asymmetry due to the characteristic differences in flow structure in the annulus and the core. The former suffers a displacement effect through the function A(X ), while no corresponding displacement is permitted in the core. The shear rates at the bottom of the annulus and the top of the core are also different.
On the O(R 1/7 ) interaction lengthscale, the pressure perturbation in the outer cylinder decays exponentially upstream. However, in the inner cylinder there is no upstream response to the change in boundary conditions at the trailing edge. In 0 r 1, X < 0 therefore, the perturbed axial pressure gradient is zero, allowing for a constant pressure perturbation in the inner cylinder upstream of the trailing edge. This constant must assume the value δ 2 P(0 − ) to ensure a continuous pressure distribution at X = 0. We may also now fix the constant µ in (4.4). Since the solution in X < 0 must have u C 1 = 0, we take µ = 4P(0 − ). A long way downstream the solutions in the core and annulus take on a very simple form, (3.2) and (3.5) respectively. Since we find P 1 > 0, the downstream core flow is retarded uniformly, albeit by a tiny amount, whereas in the annulus the perturbation is stronger and switches sign in 1 r b. In the core the radial secondary velocity is directed outwards, thereby feeding the shear layer. It is striking that all the curves in Fig. 3(b) pass through approximately the same point around η = −1·25, indicating a zone of little dependence of the radial velocity on the outer radius b. With Q constant, a rise in b means that the ratio of mass flux in the annulus to that in the core goes up, since γ (b) is monotonic increasing with b. This is felt through the increasing shear rates λ 2 , λ 3 . As these become larger relative to λ 1 , the outer wall stress τ ∞ rises, attaining the oncoming Poiseuille shear at leading order for large b. When instead the outer radius is kept fixed and Q (and thus λ 1 by (3.11)) is allowed to increase, the ratio of mass flux in the annulus to the core goes down. In this case as λ 1 increases, the pressure P 1 again rises, this time accompanied by a rise in the displacement A 1 which in turn produces a drop in the outer wall shear τ ∞ .
The initial development of the flow, including the transgression of the trailing edge is dealt with on the shorter interaction O(R 1/7 ) lengthscale, which also governs the extent of the upstream influence of the trailing edge as far as the annulus is concerned. The formulation of the boundarylayer equations here means that information may propagate upstream by means of the pressuredisplacement relation in a manner similar to the mechanism at work in the classical triple-deck structure. However, in the central core region no such upstream influence is exerted by the trailing edge and the initial Poiseuille profile continues undisturbed right up to the trailing edge where it immediately becomes affected by the shear layer. This lack of upstream influence is due to the veto imposed on displacement inside the core, the upshot of which is that there is no means for information about the presence of the trailing edge to be communicated to the oncoming fluid.
This contained, internal flow scenario differs from that of an external flow passing over the trailing edge of a flat plate (Stewartson (2), Messiter (3)) in that the interaction region, where information about changes in pressure and the local slope of streamlines is communicated between the boundary layer and the leading-order inviscid flow above, exists on a much longer longitudinal lengthscale. In the internal case the key streamwise lengthscale is O(R 1/7 ), as opposed to O(R −3/8 ) for the external case. For the latter, the triple-deck structure smooths out the discontinuity in the pressure arising between the Blasius boundary-layer solution on the flat plate and the Goldstein near-wake solution valid just downstream of the trailing edge. In both cases, however, information about the downstream conditions can travel upstream through the pressure-displacement relation which then enables the fluid to move smoothly over the trailing edge. Daniels (4) extended the application of the triple-deck structure to the non-symmetric problem of merging flow over the trailing edge of a flat plate set at zero incidence to two unequal oncoming freestreams. The viscous mixing in the shear layer downstream of the trailing edge can be described by a slight modification of Goldstein's near-wake solution attached to the usual triple-deck with non-symmetric boundary conditions. His work applied to both compressible and incompressible flows. He also argued, by appealing to a principle of minimum singularity at the trailing edge, that the triple-deck formulation is no longer relevant for the case of zero free-stream on one side of the plate. The main effects are instead confined to a small O(R −3/4 ) region around the trailing edge, and the development from the upstream boundary layer on the plate to the mixing layer is now considerably smoother. If we consider the case of zero main flow in the annulus for our problem (so λ 2 = 0) then the O(R 1/7 ) structure disappears. Now the problem is more closely related to Tillett's (22) analysis of a two-dimensional free jet issuing from a channel. Here, however, the flow is three-dimensional and axisymmetric, with a jet of fluid emerging from the inner cylinder and diffusing outwards into the quiescent annular region. This jet, which is almost certainly unstable for large enough Reynolds numbers, consists of an inviscid core within a viscous shear layer. The latter region makes the adjustment between the zero shear in the annulus and the finite shear in the core. The pressure perturbation in the core is now allowed to vary in the radial direction and the solution, given by Smith (5), permits upstream influence on a lengthscale comparable with the inner cylinder radius. The annular flow, driven by the emerging jet, constitutes a potential problem with the usual condition of zero flow into the outer boundary, and with no slip on the inner boundary followed by matching to the viscous shear layer downstream of the trailing edge of the inner cylinder. This change in the lower boundary condition complicates matters, though it may be possible to seek a solution via a Wiener-Hopf technique, for example.
